In this paper, we introduce the T-Reich contraction under the concept of c-distance in cone metric spaces. Then, we prove the existence and uniqueness of the fixed point in some type of mappings which satisfy the T-Reich contraction under the concept of c-distance in cone metric spaces. The presented theorem extends and generalizes several well-known comparable results in literature.
Introduction
The Reich contraction was introduced in the work of Reich [15] which is the generalization of the famous Banach contraction principle and Kannan contraction. In 2011, Cho et al. [1] introduced the concept of the c-distance in cone metric spaces. Then, many authors studied the existence and uniqueness of the fixed point, common fixed point, coupled fixed point and common coupled fixed point problems using this distance in cone metric spaces and ordered cone metric spaces; see for example [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
In this paper, we studied some fixed point theorems of T-Reich contraction type mappings under the concept of c-distance in complete cone metric spaces depended on another function. Throughout this paper, we do not impose the normality condition for the cones, but the only assumption is that the cone P is solid, that is intP = ∅.
Preliminaries
Let E be a real Banach space and θ denote to the zero element in E. A cone P is a subset of E such that:
1. P is a nonempty set closed and P = {θ}, 2. If a, b are nonnegative real numbers and x, y ∈ P then ax + by ∈ P , 3. x ∈ P and −x ∈ P imply x = θ.
For any cone P ⊂ E, the partial ordering with respect to P is defined by x y if and only if y − x ∈ P . The notation of ≺ stand for x y but x = y. Also, we used x y to indicate that y − x ∈ intP , where intP denotes the interior of P . A cone P is called normal if there exists a number K such that
for all x, y ∈ E. The least positive number K satisfying the above condition is called the normal constant of P . Definition 2.1. ( [2] ) Let X be a nonempty set and E be a real Banach space equipped with the partial ordering with respect to the cone P . Suppose that the mapping d : X × X −→ E satisfies the following condition:
1. θ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y,
Then d is called a cone metric on X and (X, d) is called a cone metric space.
) be a cone metric space, {x n } be a sequence in X and x ∈ X.
1. for all c ∈ E with θ c, if there exists a positive integer N such that d(x n , x) c for all n > N then x n is said to be convergent and x is the limit of {x n }. We denote this by x n −→ x.
2. for all c ∈ E with θ c, if there exists a positive integer N such that
c for all n, m > N then {x n } is called a Cauchy sequence in X.
3. a cone metric space (X, d) is called complete if every Cauchy sequence in X is convergent.
The following lemma is useful to prove our results.
Lemma 2.3. ([17])
1. If E is a real Banach space with a cone P and a λa where a ∈ P and 0 ≤ λ < 1, then a = θ.
2. If c ∈ intP , θ a n and a n −→ θ, then there exists a positive integer N such that a n c for all n ≥ N . Now, we give the notion of c-distance of Cho et al. [1] which is a generalization of w-distance of Kada et al. [3] Definition 2.4.
u whenever {y n } is a sequence in X converging to a point y ∈ X, (q4) for all c ∈ E with θ c, there exists e ∈ E with θ e such that q(z, x) e and q(z, y) e imply d(x, y) c.
and define a mapping d :
) is a cone metric space. Define a mapping q : X × X −→ E by q(x, y) = y for all x, y ∈ X. Then q is a c-distance on X.
) is a complete cone metric space. Define a mapping q : X × X −→ E by q(x, y) = (y, y) for all x, y ∈ X. Then q is a c-distance on X.
(the set of all real valued functions on X which also have continuous derivatives on X), P = {ϕ ∈ E : ϕ(t) ≥ 0}. A cone metric d on X is defined by d(x, y)(t) := |x − y| · φ(t) where φ ∈ P is an arbitrary function (e.g., φ(t) = e t ). This cone is nonnormal. Then (X, d) is a complete cone metric space. Define a mapping q : X × X −→ E by q(x, y)(t) := y · e t for all x, y ∈ X. It is easy to see that q is a c-distance on X.
The following lemma is very important to prove our results.
) be a cone metric space and q is a c-distance on X. Let {x n } and {y n } be sequences in X and x, y, z ∈ X. Suppose that u n is a sequence in P converging to θ. Then the following hold:
1. If q(x n , y) u n and q(x n , z) u n , then y = z.
2. If q(x n , y n ) u n and q(x n , z) u n , then {y n } converges to z.
3. If q(x n , x m ) u n for m > n, then {x n }is a Cauchy sequence in X.
4. If q(y, x n ) u n , then {x n } is a Cauchy sequence in X. 1. q(x, y) = q(y, x) does not necessarily for all x, y ∈ X.
2. q(x, y) = θ is not necessarily equivalent to x = y for all x, y ∈ X.
Next definitions taken from [4] .
Definition 2.10. Let Let (X, d) be a cone metric space, P a solid cone and T : X −→ X. Then (a) T is said to be continuous if lim x n = x * implies that lim T x n = T x * , for all {x n } in X, (b) T is said to be sequentially convergent if we have, for every sequence {x n }, if {T x n } is convergent, then {x n } also is convergent, (c) T is said to be subsequentially convergent if we have, for every sequence {x n } that {T x n } is convergent, implies {x n } has a convergent subsequence. Now, we introduce the T-Reich contraction under the concept of c-distance in cone metric spaces. Definition 2.11. Let Let (X, d) be a cone metric space and f, T : X −→ X two mappings. A mapping f is said to be T-Reich contraction if there exists a constants k, l, r ∈ [0, 1) with k + l + r < 1 such that q(T f x, T f y) kq(T x, T y) + lq(T x, T f x) + rq(T y, T f y) for all x, y ∈ X.
Main Results
Now, we give our main results in this paper.
Theorem 3.1. Let (X, d) be a complete cone metric space, P a solid cone and q be a c-distance on X . In addition let T : X −→ X be an one to one, continuous function and subsequentially convergent and f : X −→ X be a mapping satisfies the contractive condition q(T f x, T f y) kq(T x, T y) + lq(T x, T f x) + rq(T y, T f y) for all x, y ∈ X, where k, l, r ∈ [0, 1) are constants such that k + l + r < 1. Then f has a unique fixed point x * ∈ X. And for any x ∈ X, iterative sequence {f x n } converges to the fixed point. If u = f u then q(T u, T u) = θ.
where h = k+l 1−r < 1. Note that,
Let m > n ≥ 1. Then it follows that
Thus, Lemma 2.8 (3) shows that {T x n } is a Cauchy sequence in X. Since X is complete, there exists v ∈ X such that T x n −→ v as n −→ ∞. Since T is subsequentially convergent, {x n } has a convergent subsequence. So, there are x * ∈ X and {x n i } such that x n i −→ x * as i −→ ∞. Since T is continuous, we obtain lim T x n i = T x * . The uniqueness of the limit implies that T x * = v . Then by (q3), we have
On the other hand and by using (3.1), we have
By Lemma 2.8 (1), (3.2) and (3.3), we have T x * = T f x * . Since T is one to one, then x * = f x * . Thus, x * is a fixed point of f . Suppose that u = f u, then we have
kq(T u, T u) + lq(T u, T f u) + rq(T u, T f u) = kq(T u, T u) + lq(T u, T u) + rq(T u, T u) = (k + l + r)q(T u, T u).
Since k + l + r < 1, Lemma 2.3 (1) shows that q(T u, T u) = θ.
Finally suppose there is another fixed point y * of f , then we have:
Since k + l + r < 1 < 1, Lemma 2.3 (1) shows that q(T x * , T y * ) = θ. Also we have q(T x * , T x * ) = θ. Thus, Lemma 2.8 (1), T x * = T y * . Since T is one to one, then x * = f x * . Therefore the fixed point is unique.
From above theorem, we get the following corollaries.
Corollary 3.2. Let (X, d) be a complete cone metric space, P a solid cone and q be a c-distance on X . In addition let T : X −→ X be an one to one, continuous function and subsequentially convergent and f : X −→ X be a mapping satisfies the contractive condition
where k, ∈ [0, 1) . Then f has a unique fixed point x * ∈ X. And for any x ∈ X, iterative sequence {f x n } converges to the fixed point. If u = f u then q(T u, T u) = θ. Corollary 3.3. Let (X, d) be a complete cone metric space, P a solid cone and q be a c-distance on X . In addition let T : X −→ X be an one to one, continuous function and subsequentially convergent and f : X −→ X be a mapping satisfies the contractive condition q(T f x, T f y) kq(T x, T f x) + lq(T y, T f y) for all x, y ∈ X, where k, l ∈ [0, 1) are constants such that k + l < 1. Then f has a unique fixed point x * ∈ X. And for any x ∈ X, iterative sequence {f x n } converges to the fixed point. If u = f u then q(T u, T u) = θ.
If we take T x = x in the above theorem, we get the following corollary.
Corollary 3.4. Let (X, d) be a complete cone metric space, P a solid cone and q be a c-distance on X. Let f : X −→ X be a mapping satisfies the contractive condition q(f x, f y) q(x, y) + q(x, f x) + q(y, f y) for all x, y ∈ X, where k, l, r ∈ [0, 1) are constants such that k + l + r < 1. Then f has a unique fixed point x * ∈ X. And for any x ∈ X, iterative sequence {f x n } converges to the fixed point. If u = f u then q(u, u) = θ.
